
Winter term 2020/21 - Algebra II - Algebraic Number Theory

Problem Sheet 1

Problem 1

Fix n ≥ 1 and ζ ∈ C, a primitive n-th root of unity. Let Q(ζ) ⊆ C be the sub�eld generated
by ζ. It is a splitting �eld of Tn − 1, hence Galois; denote by G := Gal(Q(ζ)/Q) its Galois
group.

(a) Show that for every σ ∈ G, there is a unique e(σ) ∈ (Z/nZ)× such that σ(ζ) = ζe(σ)

and that the assignment σ 7→ e(σ) de�nes a group isomorphism

G
∼=−→ (Z/nZ)×.

(b) Determine the Galois group and all intermediate �elds of Q(ζ8)/Q, where ζ8 is a primi-
tive 8-th root of unity.

Problem 2

Fix n ≥ 1 and let K be a �eld that contains a primitive n-th root of unity ζ. Let L/K be a
Galois extension with Galois group G cyclic of order n. The following will show that L has
the simple form K( n

√
a) for some a ∈ K×.

(a) Fix a generator σ ∈ G and view it as an endomorphism of the K-vector space L. Show
that its only possible eigenvalues are the n-th roots of unity ζi, i ∈ Z/nZ, and that L
fully decomposes into eigenspaces,

L =
⊕

i∈Z/nZ

Li,

where Li = {` | σ(`) = ζi`}. Prove that LiLj ⊆ Li+j holds.
(b) Show that dimLi = 1 for all i. Conclude that there is an element 0 6= α ∈ L such that

σ(α) = ζα, that such an element generates L and that it satis�es αn ∈ K.

Problem 3

An integral domain A is euclidean if there is a degree map deg : A \ {0} −→ Z≥0 such that
for all x, y ∈ A, y 6= 0 there are q, r ∈ A such that

x = qy + r with r = 0 or deg(r) < deg(y).

(a) Show that a euclidean ring is a PID (principal ideal domain).

(b) Show that Z[i] and Z[
√
2] are euclidean.
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